Empirical correlation equations between peak ground acceleration, spectral acceleration, spectrum intensity, and acceleration spectrum intensity are developed. The correlation equations are developed for shallow crustal earthquakes using the Next Generation Attenuation (NGA) ground motion database, and four of the NGA ground motion prediction equations (GMPEs). A particularly novel aspect of the present study is the explicit consideration of epistemic uncertainty in the correlation equations due to both the adopted ground motion database and GMPEs. The resulting correlation equations enable the joint consideration of these four ground motion intensity measures in ground motion selection using frameworks such as the generalized conditional intensity measure approach.
INTRODUCTION
Earthquake-induced ground motions are complex excitations resulting from a complex rupture process and seismic wave propagation. In order to simplify such complex ground motions, they are often quantified via a scalar ground motion intensity measure (IM). The variation of such IMs with variables such as source magnitude, and source-to-site distance, formally quantified by ground motion prediction equations (GMPEs), provides both insight into ground motion phenomena and are also utilized frequently in engineering design and analysis.
In emerging performance-based seismic design procedures, seismic response analysis employing ground motion time histories is becoming more prevalent. In such cases one is often faced with the challenge of determining which such ground motion records (either recorded or generated) should be used in assessing seismic performance. The challenge of ground motion selection is primarily a result of the fact that GMPEs provide only predictions for a single IM. By definition, IMs represent a highly simplified representation of the ground motion. Hence, it can be generally appreciated that the use of a single IM will provide an insufficient representation of the severity of a specific ground motion for a specific structure [1] [2] [3] [4] .
The generalized conditional intensity measure (GCIM) approach [5] provides a probabilistically robust framework in which any number of ground motion IMs can be considered in ground motion selection. A key component of the GCIM framework is the availability of equations which provide obtain a data set of 1842 motions. While this subset is not the same as the individual subsets used by the various GMPEs developed from the NGA database, all of these such GMPEs are applicable for a range of predictor variables (i.e. magnitude, distance, etc.) which encompass all of those records used in the present study. This ensures that the point estimated correlation coefficients computed subsequently are unbiased.
Empirical ground motion IM values and the predicted IM distribution (using GMPEs) for each record were only computed if the IM was within the usable period range of the record. For example, if the maximum usable period was 2.0 s then no spectral ordinates above 2.0 s or SI (which is based on SA from 0.1-2.5 s) would be computed.
METHODOLOGY FOR CORRELATION COEFFICIENT COMPUTATION

Point-estimated correlations from ground motion data
Prediction equations for ground motion IMs have the general form:
where ln is the natural logarithm; f i (Rup k , Site) = ln IM i |Rup k and i (Rup k , Site) = ln IM i |Rup k are the predicted mean and standard deviation of ln IM i , which are a function of properties of the earthquake rupture and site of interest; and ε i is the (normalized total) residual (assumed to have a standard normal distribution). By rearranging Equation (1), the residual, ε i,n , can be interpreted as the number of standard deviations a particular ground motion, n, has ln IM i above the predicted mean:
As previously mentioned since a single IM represents a significant simplification of a ground motion then the use of multiple IMs (i.e. a vector of IMs) may be desired. The probabilistic characterization of a ground motion using multiple IMs must account for the fact that the individual IMs are correlated. For example, if a ground motion has a higher than expected 0.2-second spectral acceleration (i.e. SA(0.2)), then it is also likely that SA(0.3) will be higher than expected because of the similar vibration frequencies which these intensity measures are sensitive to. Furthermore, it is also likely that such a ground motion will have a higher than expected ASI, because of the fact that ASI is the integral of SA from 0.1-0.5 s.
From the linear relationship between ln IM i,n and ε i,n in Equation (2) it follows that the correlation between the logarithm of two IMs, for a given earthquake rupture, is equal to the correlation between the normalized residuals, i.e. ln IM i |Rup k ,ln IM j |Rup k = ε i ,ε j . Herein, for brevity, this correlation between two intensity measures, ln IM i |Rup k ,ln IM j |Rup k , will simply be referred to as ln IM i ,ln IM j (where the conditioning on Rup k and the same location is implied). Hence, using the values of the IM i s computed for each ground motion record, the correlation coefficient between two different IMs (at the same location due to a given rupture k) can be estimated using the (maximum likelihood) Pearson-product-moment correlation coefficient [26] :
where ε i,n and ε j,n are the normalized residuals of ln IM i and ln IM j from ground motion record n, ε i and ε j are the sample means of ε i,n and ε j,n and n [ ] represents summation over the number of ground motion records (i.e. n = 1− N record ). It is noted that the determination of the correlation coefficient using the total residuals directly in Equation (3) is not strictly correct, given that ground motions from the same earthquake are recognized to be correlated [27] . However, the determination of the correlation of the total residuals based on the correlations between the interand intra-event residuals is a non-trivial task, and beyond the scope of this work. Therefore, the total residuals were used in Equation (3) directly based on the knowledge that the bias incurred is likely small [8] .
Uncertainty in the correlation coefficient
As can be seen from Equation (2), the residual for a particular nth record, ε i,n , is a function of the GMPE used to estimate the mean, ln IM i |Rup k , and standard deviation, ln IM i |Rup k . Therefore, the correlation coefficient by the way of Equation (3) is also a function of the GMPE used. Furthermore, Equation (3) provides the point-estimate of the correlation coefficient, which in reality contains uncertainty due to the finite number of recordings (i.e. N record ) used in its determination.
Consideration and quantification of the uncertainty in ln IM i ,ln IM j is complicated by the fact that it has non-constant variance. This means that, for example, if 20 data have a (point-estimated) correlation of 0.9 the 90% confidence of this estimate will be [0.79,0.95], while if the (pointestimated) correlation is 0.4 the 90% confidence interval will be [0.025,0.68]. That is, the closer the absolute value of the correlation coefficient is to 1.0, the smaller the standard deviation in the estimated correlation is. The most effective means to correctly account for this non-constant variance is to use a transformation of the correlation coefficient. The Fisher z transformation [28, 29] is an approximate variance stabilizing transformation of the correlation coefficient given by:
where is the Pearson correlation coefficient, ln is the natural logarithm; tanh −1 is the inverse hyperbolic tangent function; and z is the transformed correlation coefficient. It can be shown that z has approximately a normal distribution with mean given by Equation (4), and variance given by:
where N is the sample size. The convergence of z to a normal distribution is very rapid (as N increases) [28] for the practical purposes as used herein. An alternative to the use of Equation (5) for estimating the variance in z, which is utilized herein and also applicable for all sample sizes, is the bootstrap method [26] . The use of Equation (5), or the bootstrap method, provides the uncertainty in the point-estimate of the correlation coefficient due to the finite number of samples used in the computation of Equation (3). However, it was also mentioned that the estimated correlation coefficient is a function of the GMPEs used, and therefore that there is uncertainty in the selection of which GMPE should be used. This uncertainty is accounted by using the four aforementioned GMPEs developed for active shallow crustal tectonic regions. It is assumed that each GMPE is equally valid, meaning that each is given a logic tree weight of 0.25 [30] . It is clearly acknowledged that there are several problems associated with the logic tree formalism for handling model uncertainty [31] [32] [33] , however in the absence of a simple practical alternative, the logic tree formalism is adopted nonetheless.
Given that the transformed correlation coefficient is adequately represented by a normal distribution (the validity of this in light of GMPE uncertainty will be discussed subsequently), it follows that the median value of the correlation coefficient, 50 , is equal to the inverse Fisher transformation of the mean of z, z , specifically:
While it may initially seem complicated to have uncertainty in a correlation coefficient (which defines the linear dependence between the uncertainties in two variables), it is worth noting that it is the same as the idea of having logic trees to represent uncertainty in the standard deviation of GMPEs. Over time such correlation equation uncertainty is likely to become an indispensible part of any model, in the same way that PSHA was first proposed without the consideration of uncertainties in ground motion prediction [34] , while nowadays a seismic hazard analysis is not considered to be a PSHA if it does not consider ground motion prediction uncertainty (e.g. [35] ). Figure 1 illustrates the normalized residuals for two different intensity measure combinations obtained from (a single bootstrap sample of) the adopted data set using the BA08 GMPE. Figure 1 (a) illustrates there is a strong correlation between the residuals of PGA and ASI, while there is only a moderate correlation between the residuals of PGA and SI. Figure 2 illustrates the correlation coefficients computed for three of the four different intensity measures examined (i.e. for ASI, SI, and PGA). In each of Figure 2 (a)-(c) box plots [26] are used to illustrate the distribution of the correlation coefficient due to sample size uncertainty (obtained from bootstrap sampling), whereas the multiple box plots illustrate the effect of which GMPE is used.
EMPIRICAL CORRELATION RESULTS
Median correlation coefficient
As one would expect, given that ASI represents an average measure of high-frequency ground motion intensity, then it has a high correlation with PGA ( Figure 2(b) ). On the other hand, as SI represents and average measure of moderate period ground motion intensity, then it has a lower correlation with ASI and PGA (both high-frequency IMs).
It can be seen that variability in the correlation coefficients (as indicated by the 'wiskers' of the box plots) due to sample uncertainty is approximately 0.07, 0.025, and 0.08 for ln ASI,ln SI , ln ASI,ln PGA , and ln SI,ln PGA , respectively. Thus, it can be clearly seen that the uncertainty in the correlation coefficient due to sample size uncertainty is a function of the correlation coefficient value, and hence the benefit of the aforementioned Fisher z transformation which will be utilized subsequently (i.e. Equation (4)). It can also be seen that there is a difference between the correlation coefficients estimated using the four different GMPEs, which broadly speaking is of the same order of magnitude as the uncertainty in the correlation coefficient due to sample size uncertainty. Figures 3(a) -(c) illustrate the empirical correlations obtained between SA at various vibration periods and ASI, SI, and PGA, respectively. In these figures, the median and 90% confidence interval of the correlation coefficient for a given GMPE (i.e. considering only sample size uncertainty) are indicated by solid and dashed lines, respectively. Different line colours are used to represent the distribution of the correlation coefficient obtained using the four different GMPEs considered. Based on similarities in the frequency range which the different IMs represent it can be intuitively appreciated that ASI is highly correlated with spectral accelerations in the range of 0.1-0.5 s (over which ASI is defined), and PGA is highly correlated with high-frequency spectral ordinates. In order to understand the empirical correlation of SI and SA it is useful to recall that SI is defined as the integral of the pseudo spectral velocity from 0.1-2.5 s, and that spectral velocity ordinates generally increase appreciably with increasing period over this range. Hence, the majority of the magnitude of SI for a single ground motion comes from the spectral velocities at these longer periods (i.e. 0.7-2.5 s). Hence, it can be seen in Figure 3 (b) that SI is strongly correlated with spectral acceleration ordinates over this moderate period range. For both ln ASI,ln SA and ln SI,ln SA , it can be seen that there is an increase in correlation coefficient for very high-frequency ground motion (i.e. going from T = 0.1 to T = 0.01, both ln ASI,ln SA , and ln SI,ln SA increase), something which has also been observed by Baker and Jayaram [8, Figure 2 ]. Since, as the vibration period tends to zero, the value of SA tends to PGA, then it follows that this observed increase is the result of ln ASI,ln SA , and ln SI,ln SA tending toward ln ASI,ln PGA , and ln SI,ln PGA , respectively.
Standard deviation of transformed correlation coefficient
The previous section examined primarily the magnitude of the correlation coefficient between various IMs. As it is intended to develop correlation equations for both the median correlation coefficient and its uncertainty, then it is useful to examine quantitatively some aspects of the uncertainty in the transformed correlation coefficient. Figure 4 illustrates the empirical relationship between the median value of the correlation coefficient, and the standard deviation in the transformed correlation coefficient (i.e. including both sample size and GMPE uncertainty). First, it can be seen that apart from a few exceptions, z is in the range [0.03,0.09]. Second, given that a total of 1842 ground motions were used in this study, Equation (5) can be used to ascertain that the approximate portion of z due to sample size uncertainty is 1/ √ 1842−3= 0.023. Correlations involving spectral accelerations at longer periods used a slightly smaller number of ground motions (because of the maximum useable period for each ground motion), for example, 802 motions were used for correlations involving SA(T = 7.5s) giving a sample size uncertainty of 0.035. Thus, the magnitude of the sample size uncertainty indicates that the total standard deviation (i.e. comprising sample size and GMPE uncertainty), z , in the transformed correlation coefficient, is composed largely by GMPE uncertainty and to a lesser extent sample size uncertainty.
PARAMETRIC APPROXIMATIONS
Adequacy of the normal distribution approximation
It was previously mentioned that the uncertainty in z due to sample size was normally distributed. When considering also uncertainty in z due to GMPE uncertainty the assumption that z has a normal distribution may no longer be strictly appropriate. Figure 5 illustrates the empirical distribution of the transformed correlation, z, between ASI and SI (i.e. Figure 2(a) ). Also shown is the normal distribution based on the point estimated mean and standard deviation of z, as well as the Lilliefors [26, 36] goodness of fit bounds for the 10% significance level. The fact that the empirical distribution intersects these goodness of fit bounds signifies that the assumption of normality for z can be rejected at the 10% significance level. Empirical distribution Figure 5 . Illustration of the adequacy of the approximation that z has a normal distribution due to sample size and GMPE uncertainty for the correlation between SI and ASI.
One important thing to bear in mind in the examination of Figure 5 is that the empirical distribution of z has been obtained based on the logic tree (discrete) treatment of GMPE uncertainty. It is likely that the four different GMPEs used here do not provide a collective exhaustive representation of GMPE uncertainty [31, 32] , and it is speculated that a more collectively exhaustive representation is likely to lead to a 'smoother' empirical distribution, for which the normal distribution may be more appropriate. Irrespective of whether the above speculation is correct or not it is timely to note that as the significance of ground motion correlation uncertainty, in ground motion selection, for example, has not yet been examined the aim here is, first and foremost, to adequately represent the magnitude of the standard deviation in the (transformed) correlation coefficient with less attention to the details of its specific distribution (i.e. in line with the principle of consistent crudeness [37] ). Therefore, it is assumed herein that z can be adequately represented by the normal distribution, which has the benefit of being uniquely defined by its mean, z , and standard deviation, z .
Format for presentation of correlation equations
As uncertainty in ground motion correlation equations has not been considered in applications which utilize such equations (e.g. ground motion selection) then it is desired to develop the parametric correlation equations such that they are simple to apply if one does not want to explicitly consider such correlation uncertainty. Therefore, rather than developing equations for the mean and standard deviation of z directly, use is made of Equation (1). Specifically, parametric equations are developed for: (i) the median correlation coefficient, 50 , and (ii) the standard deviation of the transformed correlation coefficient, z . In this manner, if an analyst wishes to neglect correlation coefficient uncertainty they can simply use 50 directly. On the other hand, if one wants to explicitly account for correlation coefficient uncertainty then Equation (6) can be used to determine z from the equation for 50 , and then with z , the correlation coefficient for a given xth percentile can be obtained from:
where z x is the xth percentile of a normal distribution with mean and standard deviation z and z , respectively [26] . i) interpolation of the correlation coefficient at vibration periods different than the 23 periods for which it was explicitly computed; and (ii) a smooth variation of correlation coefficient as a function of vibration period, rather than the more 'jagged' values that result due to the finite number of ground motion data, and specific GMPEs used. The specific functional form used to represent the variation in the (median) correlation coefficient with vibration period is a piecewise function with each piecewise segment having the following functional form:
Correlation equations between ASI, SI, and PGA
where tanh is the hyperbolic tangent function; a n , b n , c n , and d n are empirical constants used to fit the observed empirical correlation coefficient for piecewise segment n; and e n defines the period range for each of the piecewise segments. Generally the vibration period range T = [0.01, 10] is covered by either two or three separate piecewise segments of the form of Equation (8) . The specific functional form given by Equation (8) has been selected because it is both flexible and also its parameters can be understood physically, making the fitting of these parameters very simple. First, it is noted that the hyperbolic tangent function varies from [−1, 1]. Therefore, the parameter a n effectively represents the correlation between IM i and SA(T = e n−1 ), whereas the parameter b n effectively represents the correlation between IM i and SA(T = e n ). The parameter c n defines the vibration period at which the correlation coefficient between IM i and SA(T = c n ) is equal to the average correlation value over the range e n−1 <T <e n . (i.e. ln IM i ,ln SA(T =c n ) = (a n +b n )/2); finally the parameter d n controls the slope of the hyperbolic tangent function (e.g. how quickly the correlation approaches a n as T decreases from T = c n toward T = e n−1 ). In order to fit the hyperbolic tangent function given by Equation (8) in a piecewise manner to the empirically observed correlation data, it was necessary to specify the ends of the piecewise segments (i.e. the e n 's). As Equation (8) is either monotonically increasing or decreasing (depending on the values a n and b n ) then these piecewise segments were simply chosen as points of maxima or minima in the empirical data. Equation (8) was then fit using least squares to minimize the misfit in the mean transformed z value (i.e. to minimize the error between the Fisher transformation of Equation (8) and the empirical values of z ). It is important to conduct least squares on the transformed z values as they have approximately constant variance (which the correlation coefficient values do not), making the least squares solution more optimal. The parameters of each piecewise segment were also constrained so that the parametric equation is a continuous piecewise function of T . The obtained parametric equations were then plotted and compared with the empirical correlation values, and adjusted manually if necessary.
Given the unknown significance of the magnitude of the standard deviation in the transformed correlation, z (because such a correlation coefficient uncertainty has, as far as the author is aware, not been considered in any applications), it is desired to represent it in a simplified, yet sufficient manner. As a result, piecewise linear relationships between z and ln(T ) were used, specifically: Tables II-IV provide the numerical values of the parameters in Equation (8) for the median correlations of ASI, SI, and PGA with SA(T ), respectively. For ln ASI,ln SA(T ) and ln SI,ln SA(T ) three piecewise segments were used, while for ln PGA,ln SA(T ) only two segments were necessary. Figure 6 illustrates a comparison between the parametric correlation equations (i.e. Equation (8) and Equations (9)- (11)) and the empirical correlation values obtained from the aforementioned analyses. In each of the figures, the solid line represents the median correlation coefficient, 50 , whereas the dashed lines represent the 16th and 84th percentiles. It can be seen that, in general, the median correlation coefficient is very well approximated by Equation (8) . Based on the examination of the 16th and 84th percentiles it also appears that Equations (9)- (11) are sufficient to characterize the magnitude of z . Figure 7 compares explicitly the empirical values of z with the parametric fit provided by Equations (9)- (11) . It can be seen that generally the uncertainty in the transformed correlation coefficient increases at very long periods as a result of a significant number of the ground motion records having a maximum usable period lower than these vibration periods. Hence, there are both less samples used when computing these correlation coefficient (leading to larger sample size uncertainty), and also the lower number of ground motions used provide less constraint for GMPEs leading also to larger GMPE uncertainty.
Comparison with other correlations between PGA and SA
While empirical correlation equations for five of the six IM combinations have not, as far as the author is aware, been previously developed, there are several previous instances where correlations between PGA and spectral ordinates have been computed. The first of these is the empirical B. A. BRADLEY respectively. This equation was valid over the period range T = [0.05, 5]. The second and third instances of correlations between PGA and SA being presented are in the intra-event correlation values tabulated as part of the CB08 and AS08 GMPEs. Both CB08 and AS08 use the PGA on bedrock in order to determine the non-linear scaling of site response in their SA GMPEs. As such, when computing the standard deviation of SA using these equations one needs the correlation between PGA (on rock) and SA at the vibration period of interest. The CB08 and AS08 models provide tabulated values for spectral periods over the range T = [0.01, 10]. Figure 8 compares the median, 16th and 84th percentiles of the ln PGA,ln,S A(T ) model developed here with the model developed by Baker [10] and the tabulated correlation values in CB08 and AS08. It can be seen that, in general, all of the models are in agreement. Two specific points are worthy of note with regard to Figure 8 
DISCUSSION
The empirical correlation equations developed in this paper are based on a database of 1842 ground motions from the NGA database, and the four aforementioned GMPEs (i.e. BA08, CY08, CB08, AS08) developed using ground motions from the NGA database. Various studies have demonstrated that the NGA GMPEs (with possibly minor modifications) cannot be statistically rejected as appropriate for predicting PGA and SA amplitudes for various active shallow crustal tectonic regions throughout the world [40] [41] [42] [43] [44] [45] . This result also suggests that the underlying NGA database, and consequently the empirical correlation equations developed in this paper, can also be considered generically applicable for such active shallow crustal tectonic regions.
CONCLUSIONS
This paper has examined, and developed parametric models for, the empirical correlation between PGA, spectral acceleration, spectrum intensity, and acceleration spectrum intensity. The correlation equations are considered applicable for shallow crustal earthquakes and were developed using the Next Generation Attenuation (NGA) ground motion database, and four of the NGA GMPEs. The magnitude of the observed correlations between the various intensity measures could be explained simply based on the frequency ranges of ground motion which the intensity measures represent. Explicit consideration was given to the epistemic uncertainty in the correlation equations due to both the adopted ground motion database and ground motion prediction equations, and as such, correlation equations were developed to provide both the median and standard deviation of the correlation coefficient. The resulting correlation equations enable the joint consideration of these four ground motion intensity measures in various performance-based earthquake engineering applications, including in ground motion selection using frameworks such as the generalized conditional intensity measure (GCIM) approach.
